Two-dimensional simulations of beam-driven turbulence in the auroral ionosphere have shown the formation and instability of phase-space tubes. These tubes are a generalization of electron phase-space holes in a one-dimensional plasma. In a strongly magnetized plasma, such tubes vibrate at frequencies below the bounce frequency of the trapping potential. A theory for these vibrations yields quantitative agreement with kinetic simulations. Furthermore, the theory predicts that the vibrations can become unstable when resonantly coupled to electrostatic whistlers -also in agreement with simulations. [3] . The stability of generalized holes in higher dimensions, however, is a subject of ongoing study. Recent two-dimensional particle simulations [4] of the two-stream instability in a highly magnetized ͑V e . v e ͒ plasma show the formation of phase-space tubes (i.e., holes extended in the direction perpendicular to B). The bipolar electric fields associated with these tubes are in quantitative agreement with typical fast auroral snapshot (FAST) satellite observations [1, 4] , which exhibit a range of amplitudes and spatial sizes [2] . After several hundred v 21 e , but before the ion response becomes important [5] , these tubes are observed to break up simultaneously with the appearance of electrostatic whistler waves (i.e., magnetically modified Langmuir waves with dispersion v w ͞v e ഠ k k ͞k Ќ ø 1). Subsequent simulations [6] initialized with straight tubes revealed kink perturbations oscillating with a "vibration" frequency v y ഠ v w , suggesting a resonant interaction between the tubes and whistlers.
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In this Letter, we present a quantitative theory for both the vibrations of kinked tubes and the resonant interaction of the tube vibrations with electrostatic whistlers. The predictions of this theory are also compared to the results of magnetized 2D Vlasov simulations. Scaling laws based on an approximation to this theory are presented elsewhere [7] .
The ordering of key frequencies in our analytical treatment is the same as in the two-stream simulations motivated by FAST observations in the auroral ionosphere:
where the real frequency of the instability is at v r , and v b is the characteristic "bounce" frequency of an electron trapped in the potential well of the bipolar field. The frequency ordering (1) distinguishes this instability from another recently discussed instability of phase-space tubes: Muschietti et al. [8] consider an instability in the regime V e , v b . The mechanism of Vetoulis and Oppenheim [9] is also inconsistent with frequency ordering (1) in that it predicts v r v b or integer multiples of v b .
We consider a two-dimensional ͑x-y͒ collisionless plasma with a uniform embedded magnetic field B in the x direction. The electric field can be determined from the density via Poisson's equation
where a uniform, static, neutralizing ion background is assumed. We note that an electron's potential energy is 2f. Dimensionless units will be used throughout in which time is in units of v 21 e , velocity is in units of a characteristic velocity V (e.g., as in Fig. 1 ), distance is in units of an "effective" Debye length ͑l e V ͞v e ͒, electron density is normalized to the ion density n 0 , and the electric field is normalized to 4pl e n 0 e, where e is the electron charge in Gaussian units. We further simplify our model by neglecting the effect of electron motion perpendicular to B for the low-frequency ͑v ø V e ͒ phenomena being considered. Previous 2D particle in cell (PIC) simulations in which all three electron velocity components were retained [6] revealed negligible differences in the formation and instability of electron phase-space tubes when V e was increased from 5v e to`. These simulations support our neglect of perpendicular electron motion. The resulting Vlasov equation that governs the collisionless evolution of the phase-space distribution f e ͑x, y x , y, t͒ is
Equation (3) can be interpreted as a system of parallel 1D Vlasov equations (spanning y) coupled via the parallel electric field E x ͑x, y͒, which is determined through the 2D Poisson equation (2) . We refer to the coupled system as a "reduced" 2D Vlasov-Poisson system. The tubes generated in our simulations of the two-stream instability were found to be surrounded by broad plateaus of near-constant phase-space density. Therefore, we have chosen for our model of an unperturbed phase-space tube a stationary BGK waterbag hole in x-y x phase space [10] that has been extended uniformly in the y direction. Such a hole is shown in Fig. 1 , in which key properties of the distribution are defined.
Numerical simulations based on the reduced VlasovPoisson equations (3) and (2) were used to study the evolution of our model phase-space tube in which a "kink" perturbation is imposed. The kink takes the form of a rigid displacement x ! x 1 j 0 ͑ y͒ with j 0 ͑ y͒R e͑exp͓ik y y͔͒. Over a range of values of k y and y 1m (which determines the dimensions of the hole, L and y 2m in Fig. 1 ), the perturbed tube was observed to vibrate -virtually undamped -with a frequency v y that increased with both k y and y 1m (as in Fig. 2 below) . The size of the periodic simulation domain was chosen to exclude electrostatic whistlers that could resonantly interact with the tubes. This restriction is removed in simulations of the tube-whistler interaction discussed later. A key feature of the vibrating tube observed in the simulations is the quasirigid behavior of the bounding phase-space orbits for small-amplitude vibrations, as shown in 
where there is no displacement in velocity for the passing orbits. The dynamics of a phase-space tube in the highly magnetized limit are governed by the response of the electron distribution (at each y) to the perturbing electric field dE x ͑x, y͒. Our evaluation of the self-consistent tube dynamics in the absence of whistlers has three steps: First, determine the form of the perturbing field of a rigidly kinked tube when Eqs. (4) are valid. Next, determine the self-consistent corrections to the perturbing field due to small distortions of the orbits, which partially Debye shield the perturbing field produced by rigid displacement. Finally, determine the oscillation frequency v y of the trapped orbit in response to the total self-consistent perturbing field.
Based on the displaced orbits (4) seen in the simulations, we infer that the perturbed electron density n e ͑x, y͒ is (approximately) rigidly displaced from that of the unperturbed distribution by j͑ y, t͒. We then express the perturbed potential f͑x, y͒ as the sum of a rigid displacement of f 0 ͑x 2 j͒ and a correction of the form df P ͑x, y, t͒ ഠ j͑ y, t͒df P ͑x; k y ͒, where the subscript "P" signifies that the potential is a solution of Poisson's Eq. (2) for the density in (5a) below. We also assume j͑ y, t͒ ϳ Re͑exp͓ik y y͔͒, as in our imposed initial perturbation. Thus for small displacements,
Explicitly evaluating = 2 f͑x͒, keeping only terms linear in j, and subtracting n e ͑x͒ yields
Equation (5c) has a unique solution df P ͑x͒ for each k y given f 0 ͑x͒ and the boundary conditions df P ͑6`͒ 0.
A fundamental property of stationary Vlasov orbits is that the total energy (kinetic plus potential) is a constant along each orbit. Therefore, the presence of a perturbation to the BGK potential f 0 ͑x 2 j͒ must be accompanied by a deformation to the rigidly displaced orbits of (4) in order that total energy remain a constant along the bounding waterbag orbits. Specifically, 
where a ͕1, 2͖ for the passing and trapped bounding orbit, respectively. The perturbing potential df in (6) is the total "self-consistent" perturbation, which will be discussed shortly. Equation (6) is an "adiabatic" approximation in that any time dependence in df is neglected. This approximation is valid for the passing orbits provided df evolves slowly compared to the time it takes an electron on the passing orbit to cross the perturbed region. For the trapped orbit, the analogous condition is that the perturbing potential changes little over the bounce period 2p͞v b , which is consistent with frequency ordering (1). Solving Eq. (6) yields dy a ഠ df͞y a . These distortions to the passing and trapped orbits will modify the potential via Debye shielding. Hence, the self-consistent perturbed potential df in (6) is the sum of the unshielded perturbation df P and the "shielding" correction df s due to the distortions dy a . Since dn e dy 1 2 dy 2 for an f e 1͞2 waterbag, df s df s ͞j satisfies
where we set 1͞y 2 ͑x͒ ϵ 0 for jxj $ L, since only y 1 contributes to the density outside the hole. Equation (7) is solved numerically for df df P 1 df s , where df P is the solution to (5c). We find that the perturbations to the zero-order orbits dy a are smaller than the dominant rigid displacements by a factor of order ͑k y L͒ 2 , which is a measure of deviation from rigidity. Thus, an auxiliary condition for the validity of the theory is that k y L ø 1. Despite the smallness of the orbit distortions, the corrections to df they produce can be significant, with as much as a 50% reduction in the shielded electric field perturbation.
Although we neglect the time dependence of df over a single bounce period in order to justify (6) for the trapped orbit, the fact that df is evolving cannot be ignored for longer times (i.e., many bounce periods) since an electron on the trapped bounding orbit remains continuously in contact with dE x 2≠ x df. The slow evolution of the trapped orbit (and hence, of j) can be determined from the x integral of the second velocity moment of the Vlasov equation (3) .
which is a statement of energy conservation. For the orbit displacements of (4), Eq. (8) implies
where A is the total cross-sectional area of the tube. Since E x ͑x͒ 2≠ x f͑x͒, it follows from (5b) and (7) that
Thus, the slow evolution of j is governed bÿ
since E 0 in (10a) is odd in its argument and therefore does not contribute to the right side of (9) . Equation (10b) describes tube oscillations with amplitude-independent frequency
The dependence of v y on k y is computed numerically and plotted in Fig. 3 for three waterbag holes with y 1m 1.1, 1.5, and 2.0, together with vibration frequencies observed in our magnetized Vlasov simulations for k y 0.1, 0.2, and 0.4 for each hole. The simulations agree with the present theory to within a few percent. The bounce frequency for the three holes, in order of increasing y 1m , are v b 0.35, 0.47, and 0.51, which satisfy the frequency ordering v y , v b of (1) as required by the time-scale separation in the theory. We now consider the interaction of a phase-space tube with a single electrostatic whistler having parallel electric field E w ͑x, y, t͒ Re͕Ê w ͑k x , k y , v͒ exp͓i͑k x x 1 k y y 2 vt͔͖͒ where the circumflex designates an amplitude in discrete Fourier space. A resonant interaction v ഠ v w ͑k x , k y ͒ ഠ v y ͑k y ; L͒ requires k x L ø 1 so that E w ͑x, y, t͒ ഠ E w ͑0, y, t͒ in the vicinity of the tube. Adding this approximation of E w to the right side of (10b), using (10c), and Fourier transforming in time yields the following forced tube response:
The tube-whistler coupling is closed by the influence of the oscillating field of tube, E T ͑x, y, t͒, on E w ,
where we have dropped the term proportional to j in (10a) and have expanded in the argument of E 0 . Only the second term in (12) contributes to the driving of whistlers since the first term is independent of y and t. The cold electron fluid equations in a highly magnetized plasma yield the following equation for the driven whistler field in Fourier space:
To make contact with our periodic Vlasov and PIC simulations, we treat a single tube in a periodic domain of parallel length L x that is a multiple of the whistler wavelength 2p͞k x . Thus,
where U 0 R2`d x f 0 ͑x͒ is an intrinsic property of the BGK hole.
EliminatingÊ w andĵ from (11) and (13) yields the coupled dispersion relation
At optimal resonance matching (v v y 1 ig with v y v w and jgj ø v w ), Eq. (15a) gives a growth rate for both whistlers and tube vibrations of
To test the predicted growth rate of (15b), we ran our 2D magnetized Vlasov simulation in a box of dimension L x 3 L y chosen so that v w ͑k x1 , k y1 ͒ ഠ v y ͑k y1 ; L͒ where k x1,y1 2p͞L x,y are the fundamental wave numbers in the periodic simulation. The simulation was "seeded" with a very low amplitude monochromatic whistler with wave vector ͑k x1 , k y1 ͒. The subsequent evolution of the electron density at fixed y is shown in Fig. 4 . The growth rate is in reasonable agreement with the predicted value of g ഠ 9 3 10 23 . By contrast, a comparable simulation with k y1 reduced by ϳ12% so as to move the interaction off resonance (with v w ഠ 1.2v y ) showed no sign of instability. The nonlinear saturation of the instability is evident in Fig. 4 -in this case, without destruction of the tube. Simulations with multiple tubes, such as our previous PIC simulations, generally result in higher growth rates, more intense whistlers, and ultimate destruction of the tubes. Also, a quasilinear analysis is expected to show that the simultaneous growth of tube vibrations and whistlers comes at the expense of energy in the unperturbed tube, which simulations show to fill in during the nonlinear phases of the instability. However, these extensions to the theory are beyond the scope of the present Letter.
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